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Abstract
We investigate quantum transport through a two-terminal nanoscale device characterized by a
model peaked transmission function of the energy carriers. The device is in contact with two reser-
voirs held at different temperatures and chemical potentials. The above ideal model introduced
by Mahan and Sofo for the search of the electronic structure of a thermoelectric material which
maximizes the figure of merit, is here addressed in the non linear regime starting from the general
expressions of particle-, electric charge-, and heat- currents. We individuate the parameters region
where the electron system acts as energy pump (thermal machine) or heat pump (refrigerator ma-
chine). We provide contour plots of the power and heat currents involved in the two regions of the
parameter space, and evaluate the corresponding thermal efficiency and coefficient of performance.
The present transmission model sheds light on the implications of quantum bounds in nanostruc-
tures and provides a wealth of precious information on general aspects of transport. Our results
can be a guide for the design of realistic thermoelectric devices with sharp density of states near
the chemical potentials.
PACS numbers:
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I. INTRODUCTION
The development of nanotechnology trained new strategies to increase the efficiency of
thermoelectric (TE) processes1. The pioneering papers by Hicks and Dresselhaus2–4 evi-
denced the importance of investigation of nanoscale quantum transport for the enhancement
of the thermoelectric dimensionless figure of merit ZT . In the linear regime ZT is defined
as ZT = σS2T/(κel+κph), where σ is the electronic conductance, S the Seebeck coefficient,
T the absolute temperature, and κel (κph) the electronic (phononic) thermal conductance.
Several ideas and strategies where reported to maximise the TE figure of merit by suitable
choice of device design and appropriate material (see e.g. Refs. 5–12). Most attempts
proposed the increase of phonon scattering so to decrease the lattice thermal conductivity,
which can be reached by engineering nanostructured devices; other attempts proposed to
increase the power factor, σS2, varying the concentration of charge carriers.5
As alternative approach Mahan and Sofo13 addressed the problem in a formal way, look-
ing for the material with suitable shape of the carrier energy levels distribution, i.e. with
transport distribution function T (E), which guarantees, at given lattice thermal conductiv-
ity, the highest figure of merit. The authors demonstrate that for this goal the carriers in
the material should possess energy distribution as narrow as possible, i.e. a δ-like shape.
Along this line, the impact of energy spectrum width14,15 and of other shapes in T (E), as
step-, box-, lorentzian16 and Fano17,18 like features, have been successively considered19 de-
pending on specific problems or suggested by quantum broadening effects due the contacts.
In particular, sharp features in T (E) approaching δ-shape have been realised and analysed
in terms of single lorentzian peaks of vanishing width Γ20,21, in quantum dots weakly in-
teracting with the contacts22–24 and in the presence of electron-electron interaction25, single
molecule junctions26, molecular electronics27–29, resonant tunneling devices30.
The subject of this paper is the analysis of the effects of a peaked transmission function on
the thermoelectric transport properties of a nanostructured system, in the absence of lattice
contribution to the thermal conductivity, and beyond the linear response regime. Overcome
of linear response condition is commonly reached in low-dimensional systems where large
values of temperature and electrical potential gradients may easily occur due to their small
dimension which can be smaller than the electronic scattering length (see e.g. Refs. 23,31–
37). We consider a thermoelectric system composed of two reservoirs of particles obeying
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the Fermi-Dirac statistics, connected to the device through left and right perfect leads. TL
is the temperature of the left (hot) reservoir and TR is the temperature of the right (cold)
reservoir, with µL and µR chemical potentials, respectively.
For a system characterised by two electron reservoirs connected through perfect leads to
a conductor with peaked transmission function at the resonance energy Ed, we show, for
each difference of temperatures and chemical potentials between the two reservoirs, when
the system behaves as good thermal machine, or as good refrigerator, or as useless energy
dissipator, according to the position of the resonance energy on the energy axis. We provide
contour plots of the power and of heat currents which highlight different thermoelectric
behaviors of the system as function of the thermodynamic parameters TL, TR, µL, µR, and
of the transmission filter energy. The above result allows to individuate regions of high
performance, when the system works as thermal machine or as refrigerator. The paper is
organised as follows: in Section II we provide some definitions and expressions concerning
TE transport in the non linear response regime. In Sections III we analyse the cases of
transport through a peaked transmission function in the case µL < µR and µL > µR, under
the condition TL > TR. Section IV contains contour plots of exchanged power and of heat
currents which define the thermoelectric behavior of the considered device, with a discussion
of the results. Section V contains conclusive remarks.
II. GENERAL EXPRESSIONS OF THERMOELECTRIC TRANSPORT EQUA-
TIONS IN THE NON-LINEAR RESPONSE REGIME
In this section we consider transport through a two-terminal mesoscopic electronic sys-
tem characterized by the transmission function T (E). A most general tool to address the
transmission function in nanostructures is the non-equilibrium Keldysh Green’s function
approach38–45; this formalism is exact (i.e. without conceptual approximations: all Feyn-
man diagrams summed out at any order) in the particular case of non-interacting systems.
In realistic cases, one needs to go through ab initio evaluation of the transmission function;
often one can directly focus on special functional shapes of the transmission ( Lorentzian res-
onances and antiresonances, Fano profiles) generally encountered in the actual transmission
features of thermoelectric materials, due to quantum interference effects.46–48 The purpose
of this paper is the study of the thermoelectric regimes linked to the presence of a peaked
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transmission function. This study is of relevance in its own right, and most importantly
because it paves the way to the understanding of a variety of peaked transmission functions
of wide impact in the nano-material world.
Following a well established convention, we assume without loss of generality that the
temperature of the left reservoir is hotter than the one of the right reservoir, namely TL > TR;
no a priori assumption is done on the chemical potentials µL, µR of the particle reservoirs.
The left or right particle number current I
(left,right)
N , charge (electric) current I
(left,right)
e ,
and heat (thermal) currents I
(left,right)
Q , are given respectively by the expressions:
IN = I
(left)
N = I
(right)
N =
1
h
∫ +∞
−∞
dE T (E) [fL(E)− fR(E)] (1a)
Ie = I
(left)
e = I
(right)
e = −eIN (1b)
I
(left)
Q =
1
h
∫ +∞
−∞
dE(E − µL) T (E) [fL(E)− fR(E)] (1c)
I
(right)
Q =
1
h
∫ +∞
−∞
dE(E − µR) T (E) [fL(E)− fR(E)] ; (1d)
(−e) is the electric charge and h the Planck constant. The output or input power P, due to
the transport of spinless electrons across the device in any regime (power generator regime,
refrigeration regime, dissipative regime) is given by
P = I
(left)
Q − I
(right)
Q =
1
h
(µR − µL)
∫
dE T (E) [fL(E)− fR(E)] . (1e)
In steady conditions the number current, IN , and charge currents, Ie, in the left and right
leads are equal, while, in general, heat currents, IQ, have different values in the left and right
leads. Equations (1) are general, and apply both in the linear situation (small difference of
chemical potentials and temperatures of the two reservoirs), and in the non-linear situation
(arbitrary difference of the thermodynamic parameters of the two reservoirs). The standard
relation between the applied bias potential and the reservoir chemical potentials is given by
(−e)(VL − VR) = (−e)∆V = ∆µ = µL − µR. In the present case of two terminal devices we
adopt the choice of positive direction for the currents, from the left reservoir to the central
device, and then from the central device towards the right reservoir. In the case of three or
more reservoirs the assumption of positive directions going from the reservoirs to the central
device is preferable.
A thermoelectric device can work as heat engine, or as refrigerator, or simply becomes
a useless dissipative apparatus, depending on the direction of heat and energy flux. The
4
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FIG. 1: (a) Schematic representation of the two-terminal thermoelectric device in the power
generation mode. Heat extracted from the hot reservoir (TL > TR) is partially transferred to
the cold reservoir, and the rest converted into usable power. (b) Schematic representation of a
thermoelectric device in the refrigeration mode. Heat is extracted from the cold reservoir (TR < TL)
and pumped into the hot reservoir, with the absorption of external energy converted into wasted
heat.
power production mode (the system behaves as thermal machine) is characterised by the
fact that the three quantities, left thermal current, right thermal current and power, are all
positive,
thermal machine ⇐⇒ I
(left)
Q > I
(right)
Q > 0 .
It is apparent that in this mode heat flows from the hot reservoir to the cold one, and part of
the thermal energy is converted into power, as schematically shown in Fig.1a. The efficiency
of the device in the thermal machine mode is defined as
η(tm) =
P
I
(left)
Q
=
I
(left)
Q − I
(right)
Q
I
(left)
Q
≤
TL − TR
TL
≡ η(tm)c ; (2)
where η
(tm)
c indicates the Carnot thermal efficiency. The thermodynamic bounds of the
thermal machine efficiency range from zero (for TL ≈ TR) to unity for (TR ≪ TL).
The refrigeration mode of the system is characterized by the fact that the three quantities,
left thermal current, right thermal current and absorbed power, are all negative, thus we can
write
refrigerator machine ⇐⇒ I
(left)
Q < I
(right)
Q < 0 .
It is apparent that heat is extracted from the cold reservoir (TR < TL) and pumped into the
hot reservoir, with the absorption of external energy as schematically shown in Fig.1b. In
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the refrigeration mode there is a general consensus to define the efficiency of the refrigerator
machine, the so called “coefficient of performance” (COP) as the “formal counterpart” of
Eq.(2):
η(refr) =
I
(right)
Q
P
=
I
(left)
Q
I
(left)
Q − I
(right)
Q
− 1 ≤
TL
TL − TR
− 1 =
TR
TL − TR
≡ η(refr)c . (3)
With the above definition the upper thermodynamic bound of the refrigeration machine
COP is not unity, in general, and can vary from zero to TR/(TL − TR), a quantity that
approaches infinity for equal (or nearly equal) reservoirs temperatures.
The above efficiency expressions refer exclusively to thermal machines and refrigeration
machines. Neither η(tm) nor η(refr) have a clear physical meaning when the system is working
in dissipative modes: the technological interest of thermoelectric devices is either to convert
heat into power or to use power for refrigeration.
Difference of two Fermi functions
From the transport Eqs.(1), it is apparent the basic role played by T (E) and by the
difference of the Fermi functions of the two reservoirs. It is thus important to look closely at
the difference fLR(E) of the electronic Fermi distribution functions fL(E) and fR(E) kept
at temperatures TL and TR and chemical potentials µL and µR, respectively:
fLR(E) ≡ fL(E)− fR(E) =
1
e(E−µL)/kBTL + 1
−
1
e(E−µR)/kBTR + 1
. (4)
We wish now to determine the energy regions where the fLR(E)-function is positive or
negative. From Eq.(4) it is easy to verify that
fLR(E) > 0 if E > ε0 ≡
µR TL − µL TR
TL − TR
. (5)
The function fLR(E) has a unique zero at the value E = ε0. For what concerns the position
of ε0 on the energy axis, it is seen by inspection that ε0 is at the right of both chemical
potentials in the case µL < µR, while it is at the left of both chemical potentials if µL > µR
(having systematically assumed TL > TR). In fact it holds
ε0 − µL
kBTL
=
ε0 − µR
kBTR
=
µR − µL
kB(TL − TR)
≡ x0 , (6)
where the dimensionless parameter x0 is positive for µR > µL and negative for µR < µL.
Good thermal machines or refrigerators have x0-values in the range of unity or so. The
6
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FIG. 2: Schematic representation of the Fermi functions fL(E) = f(E,µL, TL) and fR(E) =
f(E,µR, TR), and of their difference fLR(E) = fL(E)− fR(E), when TL = 600K,TR = 300K. (a)
In the case µL = 0 eV and µR = 0.025 eV the sequence of variables on the energy axis is µL <
µR < ε0 = 0.05 eV, ε0 being the energy value for which fLR(E) = 0. (b) In the case µL = 0 eV
and µR = −0.025 eV, the sequence of variables on the energy axis is −0.05 eV = ε0 < µR < µL.
The vertical red (blue) dotted line indicates the position of µL (µR), respectively. The vertical
black dotted line indicates the position of ε0.
behavior of the difference of two Fermi functions with TL > TR, and µL < µR or µL > µR
is reported in Fig.2a and Fig.2b. Throughout this paper, we choose as exemplification
TL = 600 K (kBTL ≈ 0.05 eV) and TR = 300 K (kBTL ≈ 0.025 eV), a choice often adopted
in the literature.6,35,36
III. TRANSPORT THROUGH A PEAKED TRANSMISSION FUNCTION
III A. General considerations
We focus now on transport through a device characterized by a narrow peaked transmission
function at the resonance energy Ed. This situation typically occurs when the leads have
strictly a single propagation channel, or in the case of quantum systems operating as energy
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filters49 as single level quantum dots21,50 or quantum wells51, for which 0 < T (E) ≤ 1. The
profile of a single sharp transmission function is generally described by a resonant lorentzian
shape with half-maximum width Γd. For convenience we describe such resonance with a
narrow rectangular model of the type
T (E) =


1 for Ed −
Γd
2
< E < Ed +
Γd
2
0 otherwise .
(7)
In the case of Nc allowed transmission channels in the narrowest part of the system, the
upper bound of the total transmission function is Nc.
We also assume that in the resonance region fLR(E) ≈ fLR(Ed), and that the transmis-
sion function T (E) is rigid with respect to charge injection due to temperature and voltage
gradients. In realistic cases, in the presence of electron-electron and electron-phonon inter-
actions T (E) must be determined as a self-consistent function52 of TL, TR and V . In the
forthcoming expressions (eV)2/h = 3.874 nW is assumed as the unit of power and thermal
currents, and Γd (or better NcΓd) is measured in eV.
The general transport equations (1), in the particular case that the transmission is given
by Eq.(7), greatly simplify. The particle current of Eq.(1a) becomes
IN =
1
h
Γd fLR(Ed) . (8)
Similarly the microscopic charge current of Eq.(1b) becomes
Ie =
−e
h
Γd fLR(Ed) . (9)
The particle current and the associate electric current are proportional to the fLR function
at the resonance energy.
The left and right heat currents of Eq.(1c) and Eq.(1d) become
I
(left)
Q =
1
h
(Ed − µL) Γd fLR(Ed) (10)
and
I
(right)
Q =
1
h
(Ed − µR) Γd fLR(Ed) . (11)
The left (right) heat current is proportional to the fLR function at the resonance energy, as
well as to the difference between the resonance energy and the left (right) chemical potential.
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We notice that left heat current and right heat current have different signs if the resonance
Ed lies in the interval between the chemical potentials, and the same sign otherwise. This
automatically means that the location of Ed between the two chemical potentials is not
useful either for refrigeration or for power production.
Equation (1e) for the power takes the expression
P =
1
h
(µR − µL)ΓdfLR(Ed) = (µR − µL)IN , (12)
i.e. for fixed µL and µR, P is proportional to the fLR function at the resonance energy.
Notice that for Ed = ε0, the left and right thermal currents, the particle current and the
power are all equal to zero.
III B. Transport properties in the case µL < µR
In this subsection we discuss specifically the case µL < µR and fLR(E) given in Fig.2a. In
this situation, from Eq.(12) it is seen that the thermoelectric device generates energy (i.e.
P > 0) if Ed > ε0. On the contrary the thermoelectric device takes in energy (i.e. P < 0)
if Ed < ε0. The power exchange vanishes exactly at Ed = ε0, and is small as the resonance
energy becomes much higher than the chemical potentials.
The useful regimes of the filter device in the configuration (TL > TR;µL < µR) occur
when Ed > µR: in this case we find the refrigeration regime for µR < Ed < ε0, and the
thermal machine regime for Ed > ε0. No useful thermoelectric behavior occurs for Ed < µR.
Entering in details, we can distinguish the following four regimes.
Regime I: The power generation mode region Ed > ε0
Consider the situation in which Ed extends at the right of the two chemical potentials
µL, µR and also at the right of ε0, see Fig.3a. In this region, the function fLR(Ed) > 0,
and from Eqs.(8-12) we have: I
(left)
Q > 0, I
(right)
Q > 0,P > 0 and IN > 0, as schematically
indicated in Fig.3a.
The thermal efficiency parameter for heat-to-power conversion, using Eq.(10) and Eq.(12)
becomes
η(tm)(Ed) ≡
P
I
(left)
Q
=
µR − µL
Ed − µL
ε0 < Ed <∞ . (13a)
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The maximum value of the efficiency parameter occurs for Ed ≡ ε0; in fact
η(tm)(Ed = ε0) =
µR − µL
ε0 − µL
= [using Eq.(5)] =
TL − TR
TL
≡ η(tm)c . (13b)
Thus the maximum efficiency occurs at Ed = ε0, when the power production P(Ed) vanishes,
and it equals the efficiency of the Carnot cycle.
Regime II: The refrigeration mode region µR < Ed < ε0
Consider now the situation with the resonance energy Ed at the right of both chemical
potentials, but at the left of ε0:
TL > TR with µL < µR < Ed < ε0 .
In this region fLR(Ed) < 0, and we have I
(left)
Q < 0, I
(right)
Q < 0,P < 0 and IN < 0, as
schematically indicated in Fig.3b. Using Eq.(11) and Eq.(12), the coefficient of performance
of the refrigeration regime becomes
η(refr)(Ed) ≡
I
(right)
Q (Ed)
P
=
Ed − µR
µR − µL
for µR ≤ Ed ≤ ε0 . (14)
It is apparent that the efficiency of the refrigeration machine is zero for Ed = µR, and takes
the maximum value at Ed = ε0. In fact:
η(refr)(Ed = ε0) =
ε0 − µR
µR − µL
= [using Eq.(5)] =
TR
TL − TR
≡ η(refr)c ,
where η
(refr)
c is the coefficient of performance of the Carnot cycle for refrigeration. Notice
that the efficiency is large where the power absorption P(Ed) is small.
Regime III: The dissipative intermediate region µL < Ed < µR
We have seen that the useful thermoelectric behaviors occur when Ed is at the right of
both chemical potentials. When Ed is at the left of one or both chemical potentials, energy is
absorbed and waisted into heat, and nothing useful is reached. Consider now specifically the
region where the resonance energy Ed is intermediate between the two chemical potentials:
TL > TR with µL < Ed < µR < ε0 . (15)
In this region fLR(Ed) < 0, and we have: I
(left)
Q < 0, I
(right)
Q > 0,P < 0 and IN < 0, as
schematically indicated in Fig.3c. It is evident that power is absorbed and fully dissipated
into heat transferred to both reservoirs.
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Regime IV: The dissipative semi-infinite region Ed < µL
When the resonance energy Ed is located in the energy interval [−∞, µL] it holds
TL > TR with Ed < µL < µR < ε0 . (16)
In this region fLR(Ed) < 0 , and we have: I
(left)
Q > 0, I
(right)
Q >> 0,P < 0 and IN < 0, as
schematically indicated in Fig.3d. It is seen that power is absorbed, and waisted into heat
transferred to the right reservoir.
(left)
I Q
(right)
I Q
P>0
T(Ed)
P>0I N I N
(left)
I Q
(right)
I Q
P  0
T(Ed)
P  0I N I N
>
>
(left)
I Q
(right)
I Q
P  0
T(Ed)
P  0I N I N
>
>
<0
<0 <0
>0
(left)
I Q
(right)
I Q
P  0
T(Ed)
P  0I N I N
>
>
>0
<0 <0
> 0
TL RT>
(a) (b)
µ
R
<µ
L
µ
L
µ
R EEd
T(    )Ed
0 µL
µ
R EEd
T(    )Ed
0
(c)
µ
L
µ
R EEd
T(    )Ed
0
(d)
µ
L
µ
R EEd
T(    )Ed
0
and
T
R
FIG. 3: Schematic representation of transport processes for the ideal filtering device in the
configuration TL > TR and µL < µR. (a) Power generation mode where µL < µR < ε0 < Ed. (b)
Refrigeration mode where µL < µR < Ed < ε0. (c) Dissipative region, where Ed is intermediate
between the two chemical potentials. (d) Dissipative region, where Ed is smaller than both
chemical potentials.
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III C. Transport properties in the case µL > µR
In this subsection we study transport in the situation
TL > TR and µL > µR . (17)
This case needs only a cursory treatment, since the only formal change concerns the position
of ε0, now at the left of both chemical potentials.
When the resonance energy is smaller than both chemical potentials and also smaller
>µL RµTL RT>
(a) (b)
E
T(    )Ed
µ
L
µ
R
0Ed EEd
T(    )Ed
µ
L
µ
R
0
(c)
E
T(    )Ed
µ
L
µ
R
0 Ed
(d)
E
T(    )Ed
µ
L
µ
R
0 Ed
(left)
I Q
(right)
I Q
P>0
T(Ed)
P>0I N I N
>0
<0
>0
<0
(left)
I Q
(right)
I Q
P  0
T(Ed)
P  0I N I N
>
>
<0
>0
<0
>0
(left)
I Q
(right)
I Q
P  0
T(Ed)
P  0I N I N
>
>
<0
>0
>0
>0
(left)
I Q
(right)
I Q
P  0
T(Ed)
P  0I N I N
>
>
>0 >0
>0 >0
and
FIG. 4: Schematic representation of transport processes for the ideal filtering device in the con-
figuration TL > TR and µL > µR. (a) Power generation mode where Ed < ε0 < µR < µL. (b)
Refrigeration mode where ε0 < Ed < µR < µL. (c) Dissipative region, characterized by Ed inter-
mediate between the two chemical potentials. (d) Dissipative region, characterized by Ed larger
than both chemical potentials.
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than ε0, i.e. Ed < ε0 < µR < µL, we have fLR(Ed) < 0, as shown in Fig.2b. It follows:
I
(left)
Q > 0, I
(right)
Q > 0,P > 0 and IN < 0. The flow of heat and particles is schematically
indicated in Fig.4a. In this region the efficiency parameter for heat-to-power conversion
becomes
η(tm) ≡
P
I
(left)
Q
=
µR − µL
Ed − µL
−∞ < Ed < ε0 . (18)
The maximum value of the efficiency parameter occurs for Ed ≡ ε0 where η
(tm)(Ed = ε0)
reaches the efficiency of the Carnot cycle.
In the case ε0 < Ed < µR < µL, we have fLR(Ed) > 0, and thus I
(left)
Q < 0, I
(right)
Q <
0,P < 0 and IN > 0, as schematically indicated in Fig.4b. The coefficient of performance
of the refrigeration mode becomes
η(refr)(Ed) ≡
I
(right)
Q
P
=
Ed − µR
µR − µL
ε0 ≤ Ed ≤ µR . (19)
It is apparent that the coefficient of performance is zero at the boundary Ed = µR, and
takes the maximum value at Ed = ε0 where it reaches the value of the Carnot coefficient of
performance η
(refr)
c .
When the resonance energy Ed is intermediate between the two chemical potentials:
ε0 < µR < Ed < µL, we have fLR(Ed) > 0, and thus I
(left)
Q < 0, I
(right)
Q > 0,P < 0 and
IN < 0 as schematically indicated in Fig.4c. It is seen that power is absorbed and fully
waisted into heat transferred to both reservoirs.
Finally, in the case where the resonance energy Ed is larger than the two chemical po-
tentials: ε0 < µR < µL < Ed, we have fLR(Ed) > 0, and thus I
(left)
Q > 0, I
(right)
Q >> 0,P < 0
and IN > 0, as schematically indicated in Fig.4d. It is seen that power is absorbed and
waisted into heat transferred to the right reservoir at lower temperature.
IV. THERMOELECTRIC REGIMES OF THE IDEAL PEAKED-FILTERING DE-
VICE: RESULTS AND DISCUSSION
In Section III we have shown that for TL > TR the peaked-filtering device works as
thermal generator for µL < µR < ε0 < Ed, when µL < µR, and for Ed < ε0 < µR < µL when
µL > µR (region (I)); it works as refrigerator in the parameter region µL < µR < Ed < ε0,
when µL < µR, and for ε0 < Ed < µR < µL when µL > µR (region (II)). The device operates
13
(region III)
(region IV)
(region II)(region I)
FIG. 5: Contour plot in the (Ed, µR) plane of the power exchanged by the thermoelectric device
with peaked transmission function. The plot is invariant under inversion symmetry, and it is
sufficient to focus on µR > 0 and Ed > 0. The regions where the device works as power producing
machine or as a refrigerator are labelled as region (I) and region (II), respectively. The regions
(III) and (IV) represent useless dissipative regimes.
in dissipative regime in the remaining regions. This is pictorially shown in Fig.5 where the
contour plot illustrates the power generated or absorbed in the thermoelectric device as the
variables Ed and µR vary in a two dimensional plane. In Fig.5 (and in the following ones)
we assume µL as the reference energy and, without loss of generality, we set µL = 0.
In Fig.5 (and in the following ones) we indicate two particularly important lines in the
(Ed, µR) plane. The bisector line Ed = µR signs the border between the refrigeration regime
and the dissipative (intermediate) regime. The steeper line Ed = µR/ηc = ε0 signs the border
between the refrigeration and the thermal regimes. We can add that the Ed-axis signs the
natural border between the power production and the semi-infinite dissipative regime, while
the µR-axis signs the other natural border between the two dissipative regimes.
Due to the symmetry aspect of Fig.5, we can restrict our considerations to the first
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quadrant above the bisector line, on this figure and the following ones, too. For µR > 0 the
power generation region (region (I)) is delimited by the constraints
µR > 0 , Ed > ε0 =
µR
η
(tm)
c
, (20)
while the refrigeration region is delimited by the constraints
µR > 0 , µR < Ed < ε0 =
µR
η
(tm)
c
. (21)
The expression of Eq.(1e) for the power, in the case of transmission function given in Eq.(7)
(and µL set to zero), reads
P =
Γd
h
µR [fL(Ed)− fR(Ed)] .
It is seen by inspection that in the region (I) the produced power P is bounded. In fact by
virtue of the constraints (20) it holds
P <
Γd
h
µRfL(Ed) <
Γd
h
µRfL
(
µR
η
(tm)
c
)
.
The last quantity in the above equation is evidently bounded as the chemical potential µR is
varied in the interval [0,+∞], and so is the power production, in agreement with the general
findings in the literature35,53–55.
Fig.6 reports the contour plot of the power in the positive part of the µR variable and
positive Ed. We find that in the region (I), the maximum value of the output power occurs
for Ed = 0.102 eV andµR = 0.030 eV. It should be noticed that the value of P is zero along
the Ed-axis, where µR = 0, and also along the line Ed = ε0 = µR/η
(tm)
c , where fL − fR = 0.
Conversely, in the refrigeration region the absorbed power P is negative and is not
bounded. In fact, from Eq.(1e) the absorbed power along the Ed = µR line (setting µL = 0)
reads
P(Ed = µR) =
Γd
h
µR [fL(µR)− fR(µR)] =
Γd
h
µR
[
1
eµR/kBTL + 1
−
1
2
]
. (22)
It is apparent that
P(Ed = µR)→ −
1
2
Γd
h
µR for µR → +∞ . (23)
The above expression is evidently not bounded for large values of the chemical potential
µR (with respect to µL = 0). In summary: the value of P is zero along the line Ed =
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 power 
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domain
FIG. 6: Contour plot, above the bisector line of the first quadrant in the (Ed, µR) plane, of the
power exchanged by the thermodynamic device in the regions (I) and (II). The power production is
zero along the Ed-axis and along the Ed = ε0 line. The power production in the thermal machine
region reaches the maximum value at Ed = 0.102 eV and µR = 0.030 eV. The power absorbed
in the refrigeration region is zero along the Ed = ε0 line and becomes arbitrary large along the
bisector Ed = µR.
ε0 = µR/η
(tm)
c , while it is given approximately by the value (−1/2)(Γd/h)µR along the line
Ed = µR, when µR exceeds few kBTL. The above considerations are qualitatively well
represented by the contour plot of Fig.6 in the refrigeration region (II).
We report in Fig 7, in the first quadrant of the (µR, Ed)-plane, the contour plot of the
efficiency (red region) and the performance coefficient (blue region) of the considered ideal
filtering nanostructure in the power production and refrigeration regimes. The line Ed =
µR · TL/(TL− TR) provides the maximum efficiency both for heat-energy conversion and for
refrigeration, where the input or output power is zero. Around this line an optimal trade
off for power generation or refrigeration can be established. Notice that the efficiency at
the maximum power output in region (I) is η
(tm)
PMax
= µR/Ed=0.296, and that for the chosen
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(region I)
 power 
domain
refrigeration
   domain
FIG. 7: Plot of the efficiency (red region) and coefficient of performance (blue region) for the
filtering device in the first quadrant of the (Ed, µR) plane. The two straight lines are given by
the equations Ed = µR and Ed = µR · TL/(TL − TR). The efficiency at maximum produced power
indicated in Fig 6 is η
(tm)
PMax
=0.296.
temperature ranges η
(tm)
c =0.5 and η
(refr)
c = 1.
Further information can be obtained from the study of the heat current flowing from
the left reservoir, and reported in Fig.8. The left heat current of Eq.(1c) for a peaked
transmission function (and µL set to zero) reads
I
(left)
Q =
Γd
h
Ed [fL(Ed)− fR(Ed)] . (24)
Within the region (I), I
(left)
Q is positive, and becomes zero along the border line Ed = ε0 =
µR/η
(tm))
c . Most importantly it can be noticed that the left thermal current is bounded in the
region (I). In fact, from Eq.(24), in the region under consideration, we have
I
(left)
Q <
Γd
h
Ed fL(Ed) =
Γd
h
Ed
1
eEd/kBTL + 1
.
The last expression of the above inequality is bounded as the value of Ed is varied in the
interval [0,+∞]. This entails that also I
(left)
Q is bounded in the whole power generation
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(region I)
 power 
domain
refrigeration
   domain
(region II)
FIG. 8: Contour plot of the thermal current I
(left)
Q flowing from the left reservoir, in the power
production region and in the refrigeration region. Notice that I
(left)
Q is positive and bounded in
the thermal machine regime, and negative and unbounded in the refrigeration regime.
region, in agreement with the general findings in the literature35,53–55.
From Fig.8, it is seen that the maximum of the left thermal current occurs at the point
Ed ≈ 0.091 eV, along the border line µR = 0. This last feature is indeed expected: for
µR = 0 (≡ µL) no chemical potential barrier is of obstacle to the carrier diffusion. For
the same token, the contour curves of the thermal current are expected to bend upwards
starting from values of Ed < Ed, and bend downwards starting from values of Ed > Ed.
All the described features are well visualized in Fig.8, whose physical contents can now be
better appreciated.
We comment now on the features of I
(left)
Q in the refrigeration region, also reported in
Fig.8. The refrigeration region (II) is delimited by the border line Ed = µR/η
(tm)
c and
the other border line Ed = µR , bisector of the first quadrant. In the refrigeration region
I
(left)
Q < 0, and a most relevant feature to be noticed is that |I
(left)
Q | is not bounded in the
region (II). Consider in fact Eq.(24) for the left thermal current along the line Ed = µR.
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One obtains
I
(left)
Q (Ed = µR) =
Γd
h
µR [fL(µR)− fR(µR)] =
Γd
h
µR
[
1
eµR/kBTL + 1
−
1
2
]
, (25)
In analogy to the discussion of Eq.(22), the last expression is evidently not bounded, and so
is the left heat current flowing from the left reservoir. [As we shall see, the coincidence of
Eq.(22) and Eq.(25) is due to the fact that the right thermal current is rigorously zero on
the boundary line Ed = µR. We can anticipate that the right thermal current is bounded
also in the refrigeration regime, contrary to the left thermal current that is bounded only in
the power production regime].
It should be noticed that the value of I
(left)
Q is zero along the line Ed = ε0 = µR/ηc, while
it is given approximately by the value (−1/2)(Γd/h)µR along the line Ed = µR. The above
considerations are qualitatively well pictured in Fig.8 by the structure of the curves of I
(left)
Q
in the refrigeration region (II) of the thermoelectric machine.
We consider now the heat current flowing from the right reservoir, and reported in Fig.9.
(region I)
 power 
domain
refrigeration
   domain
(region II)
FIG. 9: Contour plot of the thermal current I
(right)
Q flowing from the right reservoir, in the power
production region and in the refrigeration region. The right thermal current is bounded in both
regimes.
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The right thermal current of Eq.(1d) for a peaked transmission function gives
I
(right)
Q =
Γd
h
(Ed − µR) [fL(Ed)− fR(Ed)] . (26)
In the region (I), I
(right)
Q is positive and bounded. In fact in Eq.(26) the factor (Ed − µR) is
always positive; it follows
I
(right)
Q <
Γd
h
(Ed − µR) fL(Ed) <
Γd
h
Ed fL(Ed) =
Γd
h
Ed
1
eEd/kBTL + 1
. (27)
The last expression is evidently bounded and so is the right thermal current flow, in agree-
ment with the general findings in the literature35,53–55.
In Fig.9 it is seen pictorially that the right heat current from the right reservoir is bounded.
Notice that I
(right)
Q of Fig.9 and I
(left)
Q of Fig.8 are perfectly equal on the Ed axis since the
power generated vanishes there. The above considerations emerge with evidence from the
structure of the curves of Fig.9 in the power generation region.
In the refrigeration region I
(right)
Q < 0 and it is seen by inspection that the right heat
current is bounded. In fact, from Eq.(27) we obtain
I
(right)
Q > −
Γd
h
(Ed − µR)fR(Ed) = −
Γd
h
(Ed − µR)
1
e(Ed−µR)/kBTR + 1
. (28)
The last expression (in absolute value) is evidently bounded, and so is the right thermal
current. It can also be noticed that I
(right)
Q vanishes along the line Ed = ε0 = µR/η
(tm)
c , and
also along the line Ed = µR. The above considerations are well visualized in Fig.9 by the
structure of the curves in the refrigeration region (II) of the thermoelectric machine.
In summary the contour plots of I
(left)
Q in Fig.8 and I
(right)
Q in Fig.9 are rather similar
in the power generation region: in particular they are both bounded, and present a single
maximum of the same value located on the same position along the Ed-axis. Completely
different are instead the contour plots of Fig.8 and Fig.9 in the refrigeration region: the
basic feature is the absence of bounds in I
(left)
Q (similarly to the absence of bounds for the
power absorbed), while I
(right)
Q is strictly bounded. This restriction is linked to the fact that
I
(right)
Q represents the thermal current extracted from the cold reservoir in the refrigeration
mode: according to the general findings in the literature35,53–55, this useful “cooling power”
performance cannot exceed appropriate bounds.
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V. CONCLUSIONS
We have investigated the thermoelectric transport properties of a nanoscale system char-
acterised by a peaked transmission function of the energy carriers around a resonant energy
Ed near the chemical potential. This model system is connected to two particle reservoirs
at different temperatures and chemical potentials, and its transmission function is approxi-
mated by a narrow rectangular function. From the evaluation of contour plots of the power
exchanged by the system and of the heat currents flowing through it, we have identified the
regions in the parameter space set TL, TR, µL, µR and Ed where the system works as thermal
machine or as refrigerator with the corresponding efficiency and coefficient of performance,
and have provided a simple demonstration of the existence of bounds for the exchanged
power and heat currents. Our results can be useful in the realisation of materials whose
thermoelectric properties are characterised by a suitable engineered peaked transmission
function.
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